The four-component cat state represents a particularly useful quantum state for realizing faulttolerant continuous variable quantum computing. While such encoding has been experimentally generated and employed in the microwave regime, the states have not yet been produced in the optical regime. Here we propose a simple linear optical circuit combined with photon counters for the generation of such optical four-component cat states. This work might pave the way for the first experimental generation of fault-tolerant optical continuous variable quantum codes.
Quantum continuous variables (CV) have recently emerged as a promising platform for scalable quantum computing and communication. The main challenge -as for any other quantum information platform -is the ability to manipulate, store and communicate CV quantum information in a fault-tolerant manner in the presence of noise. In order to cope with noise, different bosonic error correction codes have been proposed, including the Gottesman-Kitaev-Preskill (GKP) codes, the cat codes and the binomial codes [1] [2] [3] [4] [5] [6] [7] . These codes have recently been experimentally generated in microwave cavity fields coupled to superconducting circuits [8] [9] [10] and in the vibrational mode of a single trapped ion [11, 12] , and have been used to demonstrate quantum error correction and universal gate set operations.
While the superconducting circuit and ion platforms are highly suitable for the storage and manipulation of quantum information, they are less suitable for communication over larger distances. Bosonic error-correcting codes for long-distance communication will eventually require the usage of a low-loss optical platform where the codes will be embedded in the CV optical quadratures of light [13, 14] . Moreover, optical encoding is not only relevant for communication: There is an increasing interest in CV optical quantum computing partly fuelled by the recent advances in producing 1D [15, 16] and 2D [17, 18] cluster states of continuous variables.
There have been several theoretical proposals on the generation of optical GKP codes using either deterministic or probabilistic schemes. The most feasible approach is based on linear optics and photon counting detectors in which the required, and notoriously difficult, optical non-linear transformation is enabled by the non-Gaussian photon counter [19, 20] . Another interesting approach requires an initial resource of cat states from which GKP states can be grown with a linear optical beam splitter network and homodyne detection [21, 22] .
On the other hand, there are very few proposals for the direct generation of cat codes in the optical regime and the hope is that this might be significantly simpler than the generation of GKP states. Cat codes [3, 4] consist of four-component cat states comprising superpositions of four coherent states, in contrast to the more common optical cat state which is a superposition of two coherent states. These latter states have undergone numerous experimental studies and have been produced in the optical regime using probabilistic approaches based on linear optics and photon counting [23] [24] [25] [26] [27] , and very recently, using a deterministic approach based on the Jaynes-Cumming interaction between light and a single atom in a highfinesse cavity [28] .
One approach for generating four-component cat states was very recently proposed by Thekkadath et al. [29] . Their method uses photon number resolving detectors and coherent state ancillas to project one mode of a twomode squeezed vacuum state into an approximate twoor four-component cat state. However, their method is probabilistic, with low success probability for larger cat states, and furthermore it requires high two-mode squeezing to obtain four-component cat states with high fidelity.
In this article, we propose a simple circuit for the deterministic generation of an optical four-component cat state based on linear optics and photon counting using an initial resource of either two-component cat states or single-photon-subtracted squeezed states. While using two-component cat states will produce exact four-component cat states, the usage of single-photonsubtracted squeezed states is able to produce approximate four-component cat states with reasonable amplitudes.
One can define four mutually orthogonal fourcomponent cat states as
for k = 0, 1, 2, 3, where N k is a normalization factor and β is the coherent state amplitude. δ a,b is the Kronecker delta, i.e. the 4-component cat states have support on every 4th photon number state. The main result of this article is that these states can be readily produced by interfering two two-component cat states on a balanced beam splitter followed by a projective measurement as illustrated in Fig The state is generated probabilistically by projecting onto vacuum with an on-off photon counter (or a heterodyne detector) or is generated deterministically by projecting onto any photon number state using a photon number resolving detector.
by (|α + |−α )/N α and (|iα + |−iα )/N α respectively, where α is the cat state amplitude and N α = (2(1 + e −2|α| 2 )) 1/2 is the two-component normalization factor, the beam splitterÛ BS = e π/4(â † 1â 2−â1â † 2 ) transforms the input state as
where β = αe iπ/4 . By transforming mode 2 into the Fock basis, the output state, |Ψ , can be written as
It is clear that by projecting mode 2 onto a photon number state |n 2 , using a photon number resolving detector (PNRD), the resulting state in mode 1 is the exact four-component cat state given in Eq.
(1) with k ≡ n (mod 4). As all outcomes of the PNRD will herald a four-component cat state, the circuit is deterministic. We next examine the impact on the fidelity of a nonunity quantum efficiency of the PNRD. The PNRD with quantum efficiency η is modelled by a perfect PNRD following a lossy channel with transmission η. For this detector we compute the fidelity, F = Φ n |ρ|Φ n , where ρ is the generated state and |Φ n is the target depending on the measurement result of the photon number n ≡ 0, 1, 2, 3 (mod 4). The resulting expected fidelities over all measurement outcomes (a numerical cut-off at n = 20 was used for simulation) for four different input two-component cat states are shown in Fig. 2a . It is clear that a non-unity detector efficiency largely impacts the quality of the detected states, and it is therefore important to use a PNRD with very high efficiency. We note that there has been significant progress in developing high-efficiency PNRDs reaching nearly 100% quantum efficiency [30, 31] . Fig. 2b shows the Wigner functions of the output states when measuring n ≡ 0 (mod 4) photons with η = 0.9 for |β| = 1.5 (i) and |β| = 2.5 (ii), as well as the corresponding pure states obtained when η = 1 (iii, iv). For |β| = 1.5, the phase-space features of the state are still clearly visible with imperfect detection. For |β| = 2.5 the interference patterns are significantly dampened, particularly in the center of the state, but some negativity is still present. Thus, even though the fidelity is low (54%), the characteristic phase-space features of the four-component cat state are still present.
Since larger photon number states are more sensitive to loss than smaller number photon states, one should expect the fidelity to depend on the measurement outcome. However, for |β| ≥ 2 the fidelity is practically independent of the measurement outcome, as seen in figure 2a . This is because the increasing difficulty of detecting many photons with an imperfect detector, which would cause a lower fidelity for large n, is counteracted by the fact that the initial photon distribution decays exponentially for large n.
For completeness, we also plot in Fig. 3 the state's quantum Fisher information (QFI) with respect to phase space displacements for different detector efficiencies. It represents the state's ability to sense phase space displacements [32, 33] (irrespective of the direction) as the sensitivity scales as the QFI inverse. We note that for states generated with a non-unity efficiency PNRD, the sensitivity is optimized for a finite value of |β|. For comparison, the QFI of a coherent state is 4, independent of the amplitude.
We have now seen that four-component cat states can be produced deterministically using a PNRD. Using an on-off photon detector, which is typically more experimentally feasible, one can still produce an exact four-component cat state by projecting onto the vacuum state, |n = 0 2 . The state is produced with a success rate of P = e −|β| 2 1 + e −2|β| 2 + 2e −|β| 2 cos(|β| 2 ) /(1 + e −2|β| 2 ) 2 employing an ideal on-off photon counter. One could also project onto vacuum using a heterodyne detector and post selecting on results near (x, p) = (0, 0).
Since the probability of successfully projecting mode 2 onto the vacuum state decreases exponentially with |β|, it is also interesting to investigate the quality of the cat state when projecting onto the other outcome of the onoff photon detector as this will often be more probable. It is described by the projector Ω n>0 = I − |0 0| and corresponds to a projection onto all Fock states except vacuum. Using such a measurement, the heralded output will contain a mixture of four different four-component cat states rendering the state mixed with the degree of mixedness determined by the amplitude of the input cat states. As a result, the fidelity drops rapidly as shown by the m = 1 curve in Fig. 4 . For very low amplitudes, the output is fairly pure (and the fidelity high) while for amplitudes larger than ∼ 0.5, the fidelity experiences a rapid decrease. This is explained by the increased occurrence of higher-order Fock states which the detector cannot discriminate.
One can improve the fidelity by equally splitting mode 2 into m modes and subsequently measuring each mode with an on-off photon detector [34] . The POVM element corresponding to observing exactly 1 'on' click is ∞ n=1 m −(n−1) |n n|. As seen in figure 4 , having multiple detectors allows for larger high fidelity cat states. The probability of observing exactly 1 'on' click is shown by the dashed lines, showing reasonable success probabilities for |β| ∈ [0.5, 2]. Post-selecting on a higher number of clicks would similarly allow for even larger cat states with reasonable success probability given a sufficient number of detectors.
We have now shown that exact four-component cat states can be produced using a simple circuit if we have at our disposal a pair of two-component cat states. The twocomponent cat states can be produced deterministically using the strong interaction between a single atom and light as recently demonstrated [28] . However, knowing that single photon-subtracted squeezed states resemble two-component cat states [35] , it is interesting to investigate the possibility of using such states as inputs to the circuit for the generation of approximate four-component cat states. Using two single photon-subtracted squeezed vacuum states,â 1Ŝ1 |0 andâ 2Ŝ † 2 |0 (whereâ i is the annihilation operator for mode i = 1, 2 andŜ i = e r/2(â 2
is the squeezing operator with r being the squeezing parameter), as the input cat states, the state after the beam splitter readŝ
1 2 1 cosh(r) n tanh n (r) n(n − 1)|n − 2 1 − (n + 2)(n + 1) tanh 2 (r)|n + 2 1 |n 2 (3)
where we have used the equalityÛ BSâ1â2 = 1 2 (â 2 1 − a 2 2 )Û BS . It is clear that the scheme will herald a twophoton Fock state, |2 1 , when projecting on |0 2 and a three-photon Fock state, |3 1 , when projecting on |1 2 . It is, however, more interesting to project onto even higher Fock states as this will herald Fock state superpositions, e.g. the (unnormalized) states √ 2|0 1 − √ 6 tanh 2 (r)|4 1 and √ 6|1 1 − √ 20 tanh 2 (r)|5 1 are produced when the PNRD counts 2 and 3 photons, respectively. In Fig. 5a we present the fidelity of these states with respect to the ideal four component cat states for different photon counting measurement outcomes from 0 to 9 photons. In these plots we have optimized the squeezing parameter for each realization to maximize the fidelity, with the optimized values shown in Fig. 5b and corresponding probability of measuring n photons shown in Fig. 5c . Note, that all measurement results of more than 1 photon yield a state which approximates a fourcomponent cat state to some degree, according to (3), even if squeezing parameter is chosen to optimize the fidelity for a specific outcome. In experiment, one might therefore post-select on several measurement outcomes. The abrupt drop in fidelity at small |β| for n ≥ 6 is due to the lowest Fock term missing from the output state, compared to the exact four-component cat state, as seen in (3). Fig. 5d shows the Wigner function of generated approximate states marked by (i) and (ii) in Fig. 5a , in comparison to the exact target states.
As shown in [35] , better two-component cat states can be produced by subtracting multiple photons from squeezed states. From numerical analysis we have found that using such states as input will also result in even higher fidelity output states. However, it is an open question whether arbitrarily large high-fidelity 4-component cat states can be produced with this approach.
In conclusion, we have proposed a simple circuit for the generation of four-component cat states which eventually could be used for fault-tolerant quantum computing and communication. The scheme is deterministic and exact if two-component cat states and photon-number-resolving detectors are available.
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